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We investigate the impact of modified theories of gravity on the kinetic Sunyaev-Zel’dovich (kSZ)
effect of the cosmic microwave background. We focus on a specific class of f(R) models of gravity
and compare their predictions for the kSZ power spectrum to that of the ΛCDM model. We use
a publicly available modified version of Halofit to properly include the nonlinear matter power
spectrum of f(R) in the modeling of the kSZ signal. We find that the well-known modifications of
the growth rate of structure in f(R) can indeed induce sizable changes in the kSZ signal, which are
more significant than the changes induced by modifications of the expansion history. We discuss
prospects of using the kSZ signal as a complementary probe of modified gravity, giving an overview
of assumptions and possible caveats in the modeling.
I. INTRODUCTION
The journey of the photons from the last scattering
surface to us is not a smooth one. On their way to
the observer, they undergo several physical processes
which induce additional anisotropies on top of the pri-
mordial ones, imprinted at the time of recombination.
These can be noticed as secondary effects on the Cos-
mic Microwave Background (CMB), of which the inte-
grated Sachs-Wolfe effect and CMB lensing are common
examples. Since they happen at different intermediate
redshifts, they carry valuable information on the Uni-
verse between the last scattering and today. In this paper
we focus on the kinetic Sunyaev-Zel’dovich (kSZ) effect,
which is sourced by the inverse Compton scattering of
CMB photons off clouds of moving free electrons [1–4].
The kSZ signal is sensitive to both the expansion history
and the dynamics of cosmological perturbations. Its con-
straining power as a geometrical probe was investigated
in [5]. Here we focus on the growth of structure and in-
vestigate the prospect of using the kSZ effect to constrain
models of modified gravity that address the phenomenon
of cosmic acceleration. Indeed we show that the kSZ phe-
nomenon is particularly sensitive to the growth of pertur-
bations at redshifts z . 2 and, as such, we expect it to
be a good probe of cosmological models that introduce
late times modifications of the growth rate of structure,
such as clustering dark energy and modified gravity. In
particular, we consider the class of f(R) models intro-
duced by Hu and Sawicki in [22] and we find that the
corresponding modifications to the growth rate of struc-
ture can indeed induce sizable changes in the kSZ effect.
We discuss also the caveats and assumptions associated
to the modeling and measurements of the kSZ signal, and
∗ corresponding author: fbianchini@sissa.it
conclude giving an outlook of the observational prospec-
tive.
A wide set of observational probes has been proposed
and exploited to test theories of modified gravity from
astrophysical to cosmological scales. In particular, vi-
able f(R) models have been constrained with secondary
CMB anisotropies, such as CMB lensing, the integrated
Sachs-Wolfe effect [39, 40] and its cross-correlation with
galaxy density [41, 42], galaxy clusters abundances [43–
45] and profiles [46, 47], galaxy power spectrum [48, 49],
redshift-space distortions from spectroscopic surveys [50–
52], weak gravitational lensing [53, 54], 21-cm intensity
mapping [55], and dwarf galaxies [56, 57].
The paper is organized as follows. In Sec. II we provide
an overview of the kSZ effect and describe our model-
ing of the kSZ angular power spectrum. The different
gravity models considered in this analysis are reviewed
in Sec. III. We investigate the effect of the modified cos-
mic growth history on the kSZ observable and discuss
possible caveats in Sec. IV. In Sec. V we discuss the de-
tectability of such an effect with the available and upcom-
ing observations, while the conclusions are presented in
Sec. VI. Throughout the paper we assume a fiducial back-
ground expansion that closely mimics one of a spatially
flat ΛCDM cosmological model consistent with the best-
fit cosmological parameters derived using the joint data
sets of 2015 Planck TT + low P [35], namely Ωb = 0.049,
Ωc = 0.264, ΩΛ = 0.687, ns = 0.966, H0 = 67.31 km s
−1
Mpc−1, and zre = 9.9.
II. THE KINETIC SUNYAEV-ZEL’DOVICH
EFFECT
In this section we review the physics and the model-
ing of the kSZ signal. During their journey from the last
scattering surface to the observer, CMB photons expe-
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2rience further Compton scattering off clouds of moving
free electrons: the line-of-sight (LOS) component of the
electron momentum induces temperature fluctuations in
the CMB sky through Doppler effect. This phenomenon
is known as kinetic Sunyaev-Zel’dovich effect and is given
by [1]
∆T
T0
(nˆ) = σT
∫
dz
(1 + z)H(z)
ne(z)e
−τ(z)v · nˆ, (1)
where σT is the Thomson scattering cross section, T0 '
2.725 K is the average CMB temperature, H(z), τ(z),
ne(z), and v · nˆ are the Hubble parameter, optical depth,
free electron number density, and peculiar velocity com-
ponent along the LOS.
The optical depth out to redshift z is
τ(z) = σT c
∫ z
0
dz
n¯e(z)
(1 + z)H(z)
, (2)
where n¯e is the mean free-electron density,
n¯e =
χρg(z)
µemp
, (3)
with ρg(z) = ρg0(1 + z)
3 being the mean gas density at
redshift z and µemp the mean mass per electron. The
electron ionization fraction is defined as [4, 5]
χ =
1− Yp(1−NHe/4)
1− Yp/2 . (4)
Here, Yp is the primordial helium abundance, fixed to
Yp = 0.24, and NHe is the number of helium electrons
ionized.
The kSZ power is expected to be sourced by a contribu-
tion from the epoch of reionization, dubbed the patchy
kSZ, and one from the postreionization epoch, namely
the homogeneous kSZ. The former is originated by in-
homogeneities in the electron density and the ionization
fraction at redshift z & zre 1; its power spectrum ampli-
tude and shape depend, at first order, on the time and
duration of reionization [13, 14]. The latter is sourced by
free-electron density perturbations and peculiar veloci-
ties at z . zre. Since we focus on the kSZ signal after
reionization, we set the upper integration limit in Eq. 1
to zre = 9.9 while we assume χ = 0.86, i.e. neutral he-
lium at all redshifts 2. We discuss more in detail about
the possible choices for the reionization redshift and the
dependence of kSZ on its value in Sec. IV D.
1 We define zre as the redshift at which hydrogen reionization ends.
2 This is an assumption: in a more realistic case, helium atoms
remain singly ionized until z ∼ 3 (χ = 0.93) and, below that,
they are thought to be doubly ionized (χ = 1). [4] calculates for
their ΛCDM case that this would increase the kSZ power by a
factor of 1.22 at ` = 3000 relative to their baseline model. Hence,
the level of uncertainty on the kSZ power spectrum due to helium
reionization is equivalent to that due to the uncertainty on σ8.
Writing ne = n¯e(1 + δ), Eq. 1 can be recast as
∆T
T0
(nˆ) =
(σT ρg0
µemp
)∫ zre
0
dz
(1 + z)2
H(z)
χe−τ(z)q · nˆ, (5)
where q = v(1 + δ) is the density weighted peculiar
velocity (ionized electron peculiar momentum).
Since the longitudinal Fourier modes of q, i.e those
with k parallel to nˆ, experience several cancellations in
the LOS integral of Eq. 5, only transverse momentum
modes contribute to the effect [2, 3]. Moreover, in the lin-
ear regime the velocity field is purely longitudinal, so that
only the cross term vδ can source the kSZ power spec-
trum. In the small angle limit, the kSZ angular power
spectrum can be written under the Limber approxima-
tion [6] as
C` =
8pi2
(2`+ 1)3
(σT ρg0
µemp
)2
×
∫ zre
0
dz
c
(1 + z)4χ2∆2B(`/x, z)e
−2τ(z) x(z)
H(z)
,
(6)
where x(z) =
∫ z
0
(cdz′/H(z′)) is the comoving distance at
redshift z, k = `/x and ∆B(k, z) is the power spectrum of
the transverse (curl) component of the momentum field.
Earlier analytical studies calculated the expression for
∆2B [2, 3, 7, 8] to be
∆2B(k, z) =
k3
2pi2
∫
d3k′
(2pi)3
(1− µ2)
[
Pδδ(|k− k′|, z)Pvv(k′, z)
− k
′
|k− k′|Pδv(|k− k
′|, z)Pδv(k′, z)
]
,
(7)
where Pδδ and Pvv are the linear matter density and ve-
locity power spectra, while Pδv is the density-velocity
cross spectrum and µ = kˆ · kˆ′. We can further simplify
Eq. 7 by relating the peculiar velocity field to the density
perturbations: in the linear regime and on subhorizon
scales, under the assumption that Φ˙ ' 0, we can use the
continuity equation for matter to write v˜ = if a˙δ˜k/k2,
where f(a, k) = d log δ(a, k)/d log a is the linear growth
rate. This gives us the following equations
Pvv(k) =
(fa˙
k
)2
Pδδ(k); Pδv(k) =
(fa˙
k
)
Pδδ(k). (8)
Inserting them into Eq. 7, we obtain3
∆2B(k) =
k3
2pi2
a˙2
∫
d3k′
(2pi)3
f2(k′)Pδδ(|k−k′|)Pδδ(k′)I(k, k′),
(9)
3 Redshift dependence is suppressed for clarity.
3where
I(k, k′) =
k(k − 2k′µ)(1− µ2)
k′2(k2 + k′2 − 2kk′µ) (10)
is the kernel that describes how linear density and ve-
locity fields couple to each other. Since we are inter-
ested in studying the impact of scale-dependent growth
of structure induced by modified gravity scenarios on the
kSZ observable, f is kept inside the previous integral.
Combining Eq. 6 with Eq. 9, one obtains the so-called
Ostriker-Vishniac (OV) effect [9].
When nonlinear structure formation arises, linear per-
turbation theory does not hold and Eq. 9 breaks down:
several previous works have investigated the impact of
nonlinearities on the kSZ power spectrum [4, 8, 10, 11].
In particular, [8, 10] argue that nonlinearities in the ve-
locity field are suppressed by a factor of 1/k2 with respect
to those in the density field. Hence it is sufficient to re-
place the linear Pδδ(k, z) in Eq. (9) with its nonlinear
counterpart PNLδδ (k, z) to capture the effect of nonlinear-
ities, so that
∆2B(k) =
k3
2pi2 a˙
2
∫
d3k′
(2pi)3 f
2(k′)PNLδδ (|k− k′|)Pδδ(k′)I(k, k′).
(11)
Throughout this work, we use Eq. 11 and Eq. 6 to
compute theoretical predictions for the full kSZ angular
power spectra. Let us notice that the continuity equa-
tion that we have used to go from (7) to (9) remains valid
in our Jordan frame treatment of f(R) gravity. N-body
simulations have shown that f(R) models affect signifi-
cantly the velocity spectrum, with resulting changes in
Pvv with respect to the ΛCDM being more sizable than
the corresponding changes in Pδδ [12]. Nevertheless, the
relative size of these modifications should not hinder the
above assumption on negligibility of nonlinearities of the
velocity power spectrum in ∆2B .
As previously done [3, 7, 8, 11], we assume that gas
fluctuations trace dark matter ones at all scales, i.e. there
is no (velocity) bias between them. Note that this ap-
proximation breaks on small scales, where baryon ther-
mal pressure tends to make gas distribution less clustered
than the dark matter one. This suppression effect due to
baryon physics can be incorporated into a window func-
tion W (k, z), such that [4]
PNLgas (k, z) = W
2(k, z)PNLDM(k, z). (12)
An investigation of the astrophysical processes such
as radiative cooling, star formation, and supernova feed-
back on the kSZ power spectrum achieved by measuring
the window function W 2(k, z) in hydrodynamic simula-
tions is provided in [4] (CSF model). There, the authors
provide an improved fitting formula for W 2(k, z) with re-
spect to the one presented in [15] and argue that the CSF
model is a robust lower bound on the homogeneous kSZ
amplitude.
All the previous studies on which we rely to model
the kSZ signal, neglect the contribution of the connected
term in the transverse component of the momentum
power spectrum4 that arises in the nonlinear regime: a
recent investigation of this term is reported in [16].
Since we aim at studying the modified gravity effects
on the kSZ power spectrum, in the following analysis
we adopt the full nonlinear kSZ modeling without in-
cluding the thermal gas pressure. However, when com-
paring with observations, one should take that into ac-
count and exploit numerical simulations to calibrate. As
discussed in [4], the realistic expected homogeneous kSZ
power spectrum should lie within the region delimitated
by the OV signal (lower bound) and the full kSZ (upper
bound).
III. MODELS
In our analysis we compare the kSZ effect in the stan-
dard cosmological model, ΛCDM to that in the f(R) class
of modified gravity. As we discuss, the latter models have
an expansion history which is very close to the ΛCDM
one, while they can predict a different cosmic growth his-
tory. In our analysis we therefore focus on the effects of
the modified growth.
For our standard gravity scenario, we consider a flat
ΛCDM composed of baryonic matter (with critical den-
sity Ωb), pressureless cold dark matter (Ωc), and a cos-
mological constant Λ exerting a negative pressure and
dominating the current energy budget of the Universe
(ΩΛ). The power spectrum of the transverse component
of the momentum field ∆2B(k, z) [Eq. 11], which sources
the kSZ signal, is sensitive to the growth history through
the linear growth rate and to the matter power spectrum,
both the linear and nonlinear one. In our analysis, we use
f(z) = Ωm(z)
γ [17] , where γ ' 0.55 for general relativ-
ity, to evaluate the growth rate, while we make use of
CAMB5 [24] to compute the matter power spectrum. In
this way, nonlinearities in PNLδδ (k) are taken into account
via the Halofit prescription of [26].
For the case of f(R) gravity [18–21], we consider a
specific family of models introduced by Hu and Sawicki
in [22]. This represents one of the viable f(R) families,
capable of sourcing the late-time accelerated expansion,
closely mimicking the ΛCDM background cosmology on
large scales and evading solar system tests because of the
built-in chameleon mechanism [22, 23]. The action of the
model in the Jordan frame reads
S =
1
16piG
∫
d4x
√−g[R+ f(R)] + Sm, (13)
where f(R) is a generic function of the Ricci scalar
f(R) = −m2 c1(−R/m
2)n
c2(−R/m2)n + 1 , (14)
4 As we have seen, q ≈ vδ, hence 〈qq〉 = 〈vv〉〈δδ〉+2〈vδ〉2+〈vδvδ〉c
5 http://cosmologist.info/camb/
4and the matter sector is minimally coupled to gravity.
Here, c1, c2, and n are free dimensionless parameters
of the theory and m2 is a mass scale. Because of the
higher order derivative nature of the theory, there is a
dynamical scalar degree of freedom fR ≡ df/dR, dubbed
the scalaron, that mediates a long-range fifth-force and is
responsible for the modification of structure formation.
Following [22], we fix the mass scale to m2 = 8piGρ¯0/3,
where ρ¯0 is the average density of matter today. This ef-
fectively corresponds to having m2/R 1 for the entire
expansion history, allowing an expansion of (14) inm2/R,
with the scalaron sitting always close to the minimum of
the potential, and the model resembling, at linear order,
the ΛCDM one. If we additionally fix c1/c2 ∼ 6ΩΛ/Ωm,
then in first approximation the expansion history mim-
ics closely that of a ΛCDM universe with a cosmological
constant ΩΛ and matter density Ωm. This leaves us with
two free parameters, c1/c
2
2 and n; models with larger n
mimic ΛCDM until later in cosmic time, while models
with smaller c1/c
2
2 mimic it more closely.
In the following we work in terms of n and the present
value of the scalaron f0R, which can be related to c1/c
2
2
as [22]
c1
c22
= − 1
n
[
3
(
1 + 4
ΩΛ
Ωm
)]n+1
f0R. (15)
In order to calculate the kSZ power spectrum, we use the
publicly available MGCAMB [25] and MGHalofit[28] to
compute the growth rate and the linear and nonlinear
matter power spectrum. Following the discussion above,
we approximate the expansion history to the ΛCDM one,
and focus on differences due to a different growth rate of
structure. MGCAMB and MGHalofit use the quasistatic
approximation for the dynamics of scalar perturbations,
which is sufficiently good for the choice of parameters
that we have made above and for the range of f0R values
that we explore [29]. In the following analysis we consider
models with |f0R| ∈ [10−6, 10−4] and n = 1.
IV. RESULTS AND DISCUSSION
We now proceed to calculate the kSZ power spectrum
for the above models. Before discussing the final results,
let us give an overview of the different quantities that
contribute to ∆2B (11) and how they differ in these mod-
els. In particular, we discuss how the differences in the
dynamics of perturbations for f(R) models reflect in a
modified kSZ signal. We also give an overview of other
physical phenomena to which the kSZ is sensitive regard-
less of the theory of gravity under consideration, dis-
cussing how they can affect our ability to test gravity
with kSZ.
A. Growth history
Being a weighted integral of ∆2B over the redshift, the
kSZ power spectrum probes the cosmic growth history
across a wide range of scales and redshifts through the
evolution of matter and velocity perturbations [4]. In
our analysis of f(R) models, we obtain the linear growth
rate f(z, k) using MGCAMB and following the procedure
outlined in [5]: first we output the density contrast as a
function of redshift and scale, and then we evaluate its
logarithmic derivative with respect to the scale factor.
In the left panel of Fig. 1 we show the growth rate as a
function of scale k and redshift z for the Hu and Sawicki
model with |f0R| = 10−4: it can be seen that f(R) models
enhance the growth of matter perturbations on scales
smaller than their characteristic length scale, i.e. the
scalaron Compton wavelength λ2C ∼ fRR/(1 + fR). On
the contrary, the growth in ΛCDM depends only on time.
The differences in the growth history show up in the
matter power spectrum. In the right panel of Fig. 1,
we plot the present time matter power spectrum, Pδδ(k),
for ΛCDM and the Hu-Sawicki f(R) model with |f0R| =
10−4, including both the linear and nonlinear cases. It
can be noticed that the scale-dependent growth of f(R)
produces an enhancement of the power spectrum on
smaller scales, with the effect kicking in at a k propor-
tional to the Compton wave number. The bigger f0R, the
smaller the k at which the enhancement kicks in.
In Fig. 2 we plot the momentum power, ∆2B , in terms
of the dimensionless quantity ∆Bk/H(z) introduced in
[4, 11]: dashed lines represent linear regime calculations
(OV effect), while solid lines include nonlinear correc-
tions to the matter power spectra (full kSZ effect). The
plot shows that as cosmic structure evolves over time, the
amplitude of the momentum curl component power spec-
tra increases: that is equally true for f(R) and ΛCDM.
However, the modifications of the growth of structure in
f(R) imprint a different shape on ∆2B and enhance its
power. Nonlinear density fluctuations become relevant
when ∆Bk/H(z) ≈ 1: as the Universe evolves, density
perturbations exceed unity and they increasingly become
important at larger scales [11].
B. The kSZ signal
We now move on to understand how the differences
at the perturbation level translate into differences in the
predicted kSZ angular power spectrum, showing how kSZ
measurements can potentially represent a novel test of
gravity.
In Fig. 3 we show the kSZ angular power spectrum as a
function of multipole ` in terms of D` ≡ `(`+1)CkSZ` /2pi.
Full kSZ theory spectra are plotted as solid lines while
OV calculations are shown as dashed lines. We plot re-
sults for the ΛCDM scenario and for two Hu and Sawicki
models with |f0R| = {10−5, 10−4}. The comparison be-
tween dashed and solid lines for a fixed model provides
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FIG. 1. Right panel: The linear growth rate f = d log δ/d log a as a function of scale k and redshift z for the f(R) model with
a ΛCDM background expansion with |f0R| = 10−4 and n = 1. The characteristic scale dependence of the structure growth is
clearly visible: at a given redshift, different scales are characterized by a different growth rate. The red dashed line represents
the size-distance relation, k = `/x(z), for ` = 3000 while the orange solid line corresponds to the Compton scale kC associated
to the scalaron. Top righ panel: Comparison between matter power spectra in ΛCDM and f(R) models at redshift z = 0: linear
predictions are shown as dashed lines, while nonlinear ones are shown as solid lines. Nonlinear matter power spectra in ΛCDM
are evaluated using Halofit prescription, while we make use of MGHalofit for the Hu and Sawicki model (with |f0R| = 10−4
and n = 1). Bottom right panel: The relative difference between the nonlinear matter power spectra in f(R) and ΛCDM
cosmology.
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FIG. 2. Power spectrum of the curl component of the momen-
tum field calculated for the different gravity model, regimes,
and redshifts.
an estimate of the impact of nonlinearities in structure
formation to the kSZ power spectrum, as also shown
in [4, 5]. Nonlinear structure boosts the ΛCDM ho-
mogeneous kSZ power by a factor ≈ 2.2 at ` = 3000.
On top of nonlinearities, in f(R) cosmology the scale-
dependent growth rate enhances the power spectrum by
≈ 2.5 (2.4) for |f0R| = 10−4 (10−5). The net effect of
modifying gravity is to enlarge the expected kSZ signal:
the CkSZ` amplitude increases as |f0R| becomes larger (i.e.
chameleon mechanism is less efficient). Note that the `-
dependence is not dramatically altered. When compar-
ing full kSZ power for different gravity models, we find
CkSZ` (|f0R| = 10−4) is approximately 30% larger than the
ΛCDM values, while CkSZ` (|f0R| = 10−5) is ≈ 11% larger
than the ΛCDM one.
C. Fitting formula
As noted in [5], the numerical evaluation of CkSZ` ’s is
computationally expensive and makes the exploration of
the parameter space through Markov chain Monte Carlo
(MCMC) rather unfeasible. To this end, we develop a fit-
ting formula to predict the kSZ angular power spectrum
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FIG. 3. The homogeneous kinetic Sunyaev-Zel’dovich power spectrum (solid lines) for standard ΛCDM and Hu and Sawicki
models with |f0R| = {10−5, 10−4} and n = 1 as a function of multipole `. The dashed lines show the linear predictions, i.e. the
OV effect. The black data band power DkSZ`=3000 = 2.9 ± 1.3µK2 (1σ confidence level) is taken from the South Pole Telescope
(SPT) [32]). zre = 9.9 is assumed except where otherwise stated.
for the Hu-Sawicki f(R) model with n = 1. We consider
the power spectra ratio C
f(R)
` /C
ΛCDM
` for several values
of |f0R| in the representative range [5 × 10−6, 5 × 10−5]
and perform a fit via the following formula
C
f(R)
` (|f0R|)
CΛCDM`
= A
( `
1000
)B
exp
(
−C `
1000
)
, (16)
where A depends on |f0R| through a0 + a1 log10(|f0R|) +
a2 log
2
10(|f0R|) (same dependence for B and C). The out-
come of this fitting procedure gives:
A(|f0R|) = 3.308 + 0.603 log10(|f0R|) + 0.034 log210(|f0R|)
B(|f0R|) = −0.261− 0.169 log10(|f0R|)− 0.021 log210(|f0R|)
C(|f0R|) = 0.182 + 0.044 log10(|f0R|) + 0.002 log210(|f0R|).
(17)
As can be noticed in Fig. 4, the above curves are a
very good fit. Hence Eq. (16) provides an accurate way
of modeling the kSZ spectrum in the f(R) models un-
der consideration, allowing one to explore the parameter
space in a much faster way. Let us notice that the fit-
ting parameters in (17), and possibly the optimal fitting
curve, may change if a different range of values for |f0R|
is considered.
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FIG. 4. CkSZ` ’s ratio between ΛCDM and Hu & Sawicki
model for different values of |f0R| with the fitting formula in-
troduced in Eq. 16. Notice that the fit has been done using
C`’s between ` ∈ [103, 104] output for six |f0R| values in the
range [5× 10−6, 5× 10−5].
D. Caveats et al.
The focus of our study is the impact of modifications
of gravity on the kSZ signal. However, since we aim at
7determining whether the kSZ can be a useful probe for
modified gravity, in this section we review astrophysical
and cosmological effects that could be degenerated with
the main signatures we are after, as well as limitations of
the theoretical modeling.
Reionization redshift - The amplitude of the kSZ power
spectrum depends on the redshift zre at which reioniza-
tion occurs through Eq. 6. If reionization ends at higher
redshifts, the integral which sources the kSZ power picks
up more signal, hence it increases. We find that by fix-
ing zre = 6, C
kSZ
`=3000 is decreased by approximately 15%
and 11% with respect to the baseline ΛCDM and Hu and
Sawicki (|f0R| = 10−4) results.
Helium reionization - So far, we have assumed that
helium remains neutral throughout cosmic history (χ =
0.86), although in a more realistic model helium would
be singly ionized (χ = 0.93) between 3 < z ≤ zre and
doubly ionized (χ = 1) for z ≤ 3. The magnitude of
CkSZ` scales as the square of the ionization fraction (plus
integrated dependence through the optical depth τ), so
we expect that helium reionization would boost the power
spectrum.
Applicability of MGHalofit - A fundamental ingredi-
ent needed to predict the kSZ power is the matter power
spectrum, especially the nonlinear counterpart: as stated
in Sec. III, in our analysis we make use of Halofit for the
ΛCDM case (as done in [4, 5]) and MGHalofit for the
f(R) model. The accuracy level of the fitting formula to
calculate the nonlinear matter power spectrum is crucial
if one wants to test gravity with kSZ effect. We recall that
MGHalofit works for an arbitrary |f0R| ∈ [10−6, 10−4] be-
low redshift z = 1 (reaching an accuracy of 6% and 12%
at k ≤ 1h/Mpc and k ∈ (1, 10]h/Mpc)6. While it is
nontrivial to address quantitatively and self consistently
this issue, we expect nonlinearities to be less important
at redshift z & 1. In the left panel of Fig. 5 we show
the differential contribution to the kSZ power of redshift
slices in the range 0 ≤ z ≤ zre at ` = 3000 for the differ-
ent cases studied in our analysis. The difference between
the OV and kSZ lines (within the same gravity scenario)
gives an estimate of the kSZ power enhancement due to
nonlinear evolution: moreover, we can see that in the full
kSZ case, the bulk of the signal is sourced by structure
at z . 1 [especially for the f(R) model]. The right panel
of Fig. 5 shows the differential contribution dDkSZ` /dz for
the f(R) kSZ case with |f0R| = 10−4 at different `’s: as
the multipole becomes larger, the differential redshift dis-
tribution peak shifts toward higher z (but always smaller
than 1).
Gastrophysics - Shaw et al. [4] have shown that the ef-
fect of the baryon physics, i.e. cooling and star formation,
is to reduce the gas density in halos, hence hindering the
6 Note that the standard Halofit accuracy is below 5% (k ≤
1h/Mpc) and 10% (k ∈ (1, 10]h/Mpc) at z ≤ 3 [27], so that
previous analytical ΛCDM calculations are similarly affected by
the precision of the fitting formula for matter nonlinearities.
kSZ power boost due to nonlinear density fluctuations.
The authors find a reduction of CkSZ` at all angular scales;
in particular the power in the CSF model is reduced by
≈ 30% at ` = 3000 with respect to the model without
baryon physics. However, they argue that their radiative
simulation suffers from the overcooling problem, so that
the measured kSZ power is likely to be underestimated.
Patchy Reionization - What we have modeled so far
is the homogeneous kSZ signal which is sourced in the
postreionization epoch: however, the patchy kSZ con-
tribution should be added on top of that. The precise
patchy kSZ power spectrum amplitude and `-shape de-
pend at first order on the details of reionization, i.e. its
time and duration [13, 14, 30]. In particular, the patchy
kSZ signal has a different spectral shape with respect to
the homogeneous one and peaks on multipoles between
` ≈ 2000 − 8000, roughly corresponding to the typical
angular size of ionized regions at the reionization red-
shift [30]. Patchy kSZ can allow us to place constraints
on the reionization physics, details of which are not yet
well understood, assuming a good knowledge and model-
ing of the homogeneous signal. To this end, 21-cm fluc-
tuation power spectra and its cross-correlation with the
CMB anisotropies can shed light on the details of reion-
ization and help disentangle between different kSZ con-
tributions [36].
V. OBSERVATIONAL OUTLOOK
The kSZ effect was detected observationally for the
first time by [31], applying the pairwise momentum es-
timator to data from the Atacama Cosmology Telescope
(ACT) and the Baryon Oscillation Spectroscopic Sur-
vey (BOSS). Recently some authors have performed an
analysis of constraints on dark energy and modifications
to gravity achievable with the mean pairwise velocity of
clusters estimator [33]. Here, we focus on measurements
of the kSZ angular power spectrum obtained from CMB
surveys. At high multipoles (` & 3000), there are sev-
eral sources contributing to the secondary anisotropies
of the observed CMB temperature: a number of galac-
tic and extragalactic astrophysical foregrounds, such as
the cosmic infrared background (CIB), thermal Sunyeav-
Zel’dovich (tSZ) and kSZ, radio galaxies, synchrotron
and dust emission 7 . Multiband observations are fun-
damental: the different frequency scalings of these fore-
grounds can help in separating out the primordial CMB
contributions. However, the only contribution that is
spectrally degenerate with the primary CMB is the kSZ
emission which has a blackbody spectrum.
To the best of our knowledge, the latest observational
constraints on the kSZ power spectrum were reported
7 The effect of weak gravitational lensing is present (but subdom-
inant) at these angular scales and it gently smoothes the CMB
peaks.
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FIG. 5. Left panel: the contribution to the kSZ power as function of redshift at ` = 3000 shown for ΛCDM and Hu & Sawicki
model with |f0R| = 10−4 and n = 1. A comparison between the full kSZ and OV effect is also provided. Right panel: redshift
contribution to kSZ power in the f(R) model for different angular scales. Dashed line marks z = 1 in both panels.
in [32] from the combination of the 95, 150, and 220 GHz
channel data from the SPT. By jointly fitting the data
for the tSZ and kSZ templates (assuming equal power at
` = 3000 from the homogenous (CSF) and patchy contri-
butions), it is found that DkSZ3000 < 5.4µK2 at 95% C.L.;
when tSZ bispectrum information is added, the derived
constraint on the kSZ amplitude is DkSZ3000 = 2.9± 1.3µK2
(this data point is shown in Fig. 3). Comparing with
our findings, Fig. 3, we can see that current kSZ mea-
surements would already have some constraining power.
More importantly, we expect kSZ measurements from the
ongoing and upcoming CMB surveys to provide a novel
complementary probe of gravity on cosmological scales.
In particular, it will be essential to rely on arcminute-
scale resolution and high sensitivity CMB data since the
instrument capability to detect kSZ signal degrades sub-
stantially when enlarging the beam size, as noted in [34].
In the latter paper, the authors investigate the possibil-
ity of using the small-scale polarization information to
constrain primordial cosmology in order to remove the
primary CMB from temperature measurements, hence
isolating the kSZ contribution (assuming an efficient fore-
ground cleaning from multifrequency channels). Another
approach proposed to detect the kSZ signal is to infer the
peculiar velocity field vˆ from the observed galaxy num-
ber overdensity8 δg and to stack the CMB temperature
maps at the location of each halo, weighted by the recon-
structed vˆ field. Recent analysis exploiting this technique
has been reported in [37, 38].
8 By solving the linearized continuity equation in redshift space.
VI. CONCLUSIONS
We have revisited the kSZ effect in the context of mod-
ified theories of gravity that approach the phenomenon
of cosmic acceleration. In particular, we have focused on
the class of f(R) models introduced by Hu and Sawicki
in [22]. We have found that, as expected, the kSZ effect is
particularly sensitive to modifications of the growth rate
of structure offering, in principle, an interesting comple-
mentary probe for modified gravity. Interestingly, we find
the kSZ signal to be more sensitive to modifications of
the dynamics of cosmological perturbations than to those
of the expansion history.
As we have discussed in Sec. IV D, there are several
assumptions and caveats in the modeling of the kSZ ef-
fect that could hinder its power in constraining modified
theories of gravity. We have given a detailed overview of
these, elaborating on possible ways of overcoming them,
also in light of future experiments. Finally, as this is al-
ways the case when the growth rate of structure plays
an important role, we expect a degeneracy between the
modifications of the kSZ induced by f(R) gravity, that
we have discussed, and those that would be induced by
massive neutrinos. As part of future work, it would cer-
tainly be interesting to explore this latter aspect, as well
as to use N-body simulations to get the full nonlinear
velocity and density power spectra.
Upcoming high resolution CMB surveys will carry out
multifrequency observations in future years [34], allow-
ing for a reconstruction of the small-scale temperature
power spectrum and providing a unique window on the
cosmic growth history as well as processes of the epoch
9of reionization. Given the wide range of modified grav-
ity observational probes and their associated systemat-
ics, cross-correlation methods will prove to be robust and
complementary tools to determine gravity properties and
constrain its behavior over cosmic time.
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